Abstract. In this paper, we address the problem of local search for the falsification of hybrid automata with affine dynamics. Namely, given a sequence of locations and a maximum simulation time, we return the trajectory that comes closest to the unsafe set. This problem is formulated as a differentiable optimization problem and solved. The purpose of developing such a local search method is to combine it with high level stochastic optimization algorithms in order to falsify hybrid systems with complex discrete dynamics and high dimensional continuous spaces. Experimental results indicate that the local search procedure improves upon the results of pure stochastic optimization algorithms.
Introduction
Despite the recent advances in the computation of reachable sets in medium to large-sized linear systems (about 500 continuous variables) [1] , the verification of hybrid systems through the computation of the reachable state space remains a challenging problem [2] . To overcome this difficult problem, many researchers have looked into testing methodologies as an alternative. Testing methodologies can be coarsely divided into two categories: robust testing (e.g. [3, 4] and systematic/randomized testing [5, 6] .
Along the lines of randomized testing, we investigated the application of Monte Carlo techniques [7] to the temporal logic falsification problem of hybrid systems. In detail, utilizing the robustness of temporal logic specifications [8] as a cost function, we managed to convert a decision problem, i.e., does there exist a trajectory that falsifies the system, into an optimization problem, i.e., what is the trajectory with the minimum robustness value? The resulting optimization problem is highly nonlinear and, in general, without any obvious structure. Therefore, we treated the model of the hybrid system as a black box, and the cost function was minimized using Simulated Annealing (SA).
A stochastic optimization algorithm for the falsification problem picks a point in the set of initial conditions, simulates the system for a bounded duration, computes the distance to the unsafe set and, then, decides on the next point in the set of initial conditions to try. Our goal in this paper is to provide assistance at exactly this last step. Namely, how do we pick the next point in the set of initial conditions? Note that we are essentially looking for a descent direction for the cost function in the set of initial conditions.
Our main contribution, in this paper, is an algorithm that can propose such descent directions. Given a test trajectory s x0 : R + → R n starting from a point x 0 , the algorithm tries to find some vector d such that s x0+d gets closer to the unsafe set than s x0 . We prove that it converges to a local minimum of the robustness function in the set of initial conditions, and demonstrate its advantages within a stochastic falsification algorithm. These results will enable local descent search for the satisfaction of arbitrary linear temporal logic specifications, not only safety specifications. The extended version of the paper appears in [9] .
Problem Formulation
The results in this paper will focus on the model of hybrid automata with affine dynamics. A hybrid automaton is a mathematical model that captures systems that exhibit both discrete and continuous dynamics. In brief, a hybrid automaton is a tuple H = (X, L, E, Inv, F low, Guard, Re) where X ⊆ R n is the state space of the system, L is the set of control locations, E ⊆ L × L is the set of control switches, Inv : L → 2 X assigns an invariant set to each location, F low : L × X → R n defines the time derivative of the continuous part of the state, Guard : E → 2 X is the guard condition that enables a control switch e and, Re : X ×E → X ×L is a reset map. Finally, we let H = L×X to denote the state space of the hybrid automaton H. For the purposes of this paper, we define a trajectory η h0 starting from a point h 0 ∈ H to be a function η h0 : R + → H defined by: η h0 (t) = (l(t), s x0 (t)), where l(t) is the location at time t, and s x0 (t) is the continuous state at time t. We will denote by loc(η h0 ) the sequence of control locations that the trajectory η h0 visits (no repetitions).
The hybrid systems dealt with in this paper are deterministic and non-Zeno. In each location, the dynamics are affine, the guards are non-overlapping and the transitions are taken as soon as possible. This will permit us to use directly results from [4] . To avoid a digression into unnecessary technicalities, we will assume that the set of initial conditions X 0 ⊂ R n and the unsafe set U ⊂ H are included in single control locations, l 0 and l U , respectively. Let D U : H → R + be the distance function to U, defined by D U (v, x) = inf u∈U ||x − u|| if v = l U , and D U (v, x) = +∞ otherwise. Given a compact time interval [0, T ], we define the robustness of a system trajectory η h to be f (h) min 0≤t≤T D U (η h (t)). When l is clear from the context, we'll write f (x). Trajectories of minimal robustness indicate potentially unsafe operation of the system. Finding such a trajectory can be seen as a 2-stage problem: first, decide on a sequence of locations to be followed by the trajectory. Second, out of
